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Abstract 
 

Public debate about providing commuter rail service between eastern Pennsylvania and New Jersey has hinged on 

factors such as cost, time, predicted usage, and profit. Using mathematical optimization techniques from Operations 

Research (O.R), together with modern technology like Google Earth, we designed possible rail connections between 

Easton, PA and existing commuter lines in New Jersey that minimize cost and maximize travel efficiency. Despite 

claims that the cost would be prohibitive and that train service would not be superior to less-expensive bus service, 

we will demonstrate that, under certain conditions, it is possible to design rail service which can satisfy both 

consumer and producer. 
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1. Introduction: 

 
Since the early 19

th
 century and the first introduction of the railroad, a consistent goal has been to optimize traffic 

flow and to balance volume while ensuring that systems are cost efficient and profitable. While Europe has a 

longstanding tradition of on-going railroad usage, this pattern is less well established in the United States for many 

reasons, for example, local and regional governments struggle with construction decisions. 

   One issue with railroad optimization is that each system has unique specifications and therefore, each line requires 

its own specialized analysis. This is not to say, however, that lines lack shared characteristics. Fortunately, there is a 

long academic history of considering these issues. In a series of papers written by Felix Schmid, et. al., several 

factors to recognize when one wants to strategically design and manage railway systems are considered
10, 13, 14

. 

Before a design can be planned, a decision must be made regarding the use of freight and passenger tracks, since 

each track contains different requirements. Schmid continues to write that proper maintenance and management 

assessments, as well as human resource management, should be properly addressed within the analysis. 

Additionally, components such as safety, marketing, and environmental issues should aim to satisfy the conditions 

set by each individual company. To synthesize these ideas, Schmid, et.al., promote two key qualities: 

 

1. Dependability: Combination of acceptable levels of regularity, reliability, punctuality, and safety. 

 

2. “Good” Train: Must optimize speed, acceleration, braking, and capacity. 

 

   Another primary factor that prevents a unification of optimization techniques in rail design is the variation in costs 

when addressing urban rail, capital costs, per-kilometer rail costs, and per-station costs
5
. Flyvbjerb states that the 

total capital costs for per route-kilometer in European projects are between $50-100 million while US projects range 

between $50-150 million. Reasons for the large variation include: differences between the ratio of underground to 

above-ground construction, environmental and safety constraints, and labor costs. Pickerell approached this issue 
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from a strictly statistical standpoint. He utilized least-square estimates, point estimates and outlier analysis to 

compare costs between heavy and light rail project projections
11

. 

   One way of modeling rail systems is to optimize the periodic train schedule
1, 12

. Barber and Salido, et. al., used a 

combination of topological constraints and software tools like LINGO and ILOG Concert Technology (CPLEX) to 

optimize their system. This technique, however, requires an already established line and that these tools are readily 

available for use. Bussieck and Zimmermann address the same issue of scheduling, but approached it in a discrete 

mathematical sense
4
. When they designed their schedule, they addressed line planning and also determined 

passenger demand using mathematical models. Although it was not a key feature of their paper, Bussiek and 

Zimmermann applied some graph theoretical approaches when addressing the flow of a system. Similarly, they have 

approached the problem using combinatorial methods
3
. 

   This analysis of existing literature led to an interest to modeling rail connections between New Jersey (NJ) and 

Pennsylvania (PA).When designing and optimizing rail systems, we incorporated many of these methods into our 

analysis. Furthermore, we synthesized existing ideas with easily accessible modern technologies to design a feasible 

and cost-efficient line.   

 

 

2.  Hypothesized Design and Reasoning 

 
An article in International Construction illustrated how the proposed rail network by the California High-Speed Rail 

Authority has increased in proposed cost from $36.4 billion in 2010 dollars to $65.4-74.5 billion in 2011 dollars
16

. 

Our goal was to address this problem by working to implement a commuter rail system that connects eastern 

Pennsylvania (PA) to New York City (NYC) which would be optimized for time, cost, and ridership. 

   New Jersey Transit (NJT) is a well-known statewide public-transportation system with stations in eastern NJ, 

which operates commuter rail service between NJ and NY. One of NJT’s most notable routes is between its NJ 

connections and Penn Station, NYC with an average weekday boarding of 77,058 people
15

. Within NJT, there are 

two connections of interest with endpoints closest to Pennsylvania: the Gladstone Branch, which terminates at 

Gladstone, NJ and the Raritan Valley Line, which terminates at High Bridge, NJ. There has been significant 

discussion in the local media about the desire for installation of an express train into NYC, as well as installation of 

tracks that leads westward into PA. PA has had a similar discussion about possible railroad extensions that would 

directly connect PA into NYC at these two points, as the only mode of transportation into NYC is currently either 

bus or private transportation.    

   This project sought to design and optimize commuter railroad connections between NJ and PA by creating viable 

models using mathematical technique from statistics, operations research and graph theory, and available technology 

such as Google Earth. For this model, our connection in Pennsylvania will be Easton, PA, which, according to the 

U.S. Census Bureau, has a population of 26,995, and has a growing white-collar community which is seeking a 

NYC rail connection
9, 18

. For NJ, we will make use of the Gladstone and High Bridge locations due to their 

proximity to Easton. We will design not only a local connection, but an express line that is a “good” train and will 

optimize dependability. 

   To build this model, we implemented the drawing tool in Google Earth to obtain an accurate layout of the 

landscape and to gather estimates of the distances between rail stations. Lines were broken down by individual 

stops, and a total distance of the path created by the drawing tool indicated the amount of miles between each stop. 

An example of the proposed model can be seen in Figure 1, where the yellow and pink lines indicate the existing 

NJT line, and the orange and purple lines are the created lines that connect Gladstone and High Bridge to Easton. 

Each created line utilized the topological properties of Google Earth to minimize the environmental damage caused 

by the imposed system.  
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Figure 1- Theoretical transit model which connects New Jersey to Pennsylvania. 

 

 

3.  Key References and Simplifying Assumptions 

 
Most public information available regarding NJT is accessible on their website

19
. For information not found there, 

upon request NJT would often provide additional data by email. A similar process was used to gather information 

from Pennsylvania by contacting the Pennsylvania Department of Transportation (PennDOT).  

   One document that provided crucial information throughout this project was the Lehigh Valley Surface 

Transportation Plan 2011-2030 (LVSTP). Within this report, the Lehigh Valley Planning Commission discusses a 

similar model to the one we designed. They indicate, however, that this line is not feasible because the daily 2030 

ridership is predicted to NYC from Easton is 800 riders, plus an affixed 395 from Phillipsburg, Bloomsbury, and 

Hampton, NJ, which are additional stations between Easton and High Bridge.  Further, they predicted the estimated 

rail time to be 2.1 hours from Easton to High Bridge. Therefore, when designing this new model, such information 

was used as the lower bounds for the system to satisfy the requirements laid out by the LVSTP.  

   Simplifying assumptions made at the onset include the following premises. The train speed is constant throughout 

a trip, except at the endpoints. Also, this design focuses only on commuter rail, and freight information will not be 

included. When analyzing commuter traffic, we focused on strictly weekday traffic, since the weekend traffic into 

NYC is highly variable. One also must assume that all of the public information gathered is accurate and reliable.  

 

 

4.  Mathematical Analysis 

 
One of the benefits of using existing rail in our model is the initial stability that it should provide. To test this, we 

ran two-way ANOVA analyses comparing the average ridership to each station and year. We found, overall, that the 

ridership throughout NJT has low variability, indicating a stable system. We also ran a one-way ANOVA analysis 

comparing the variability of average ridership from 2001-2011 on both the High Bridge and Gladstone lines. On 

both lines, we found that the variability sufficiently minimal so that ridership is stable.  

   Initial data gathered on miles, minutes, rate, ridership, and monthly cost can be seen in Table 1 and Table 2. The 

first task was to properly distribute the monthly cost model to extend westward to Easton. Secondly, we then needed 

to properly model the rates in relation to the express train.  
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   On the Easton to Gladstone Line, we considered the monthly cost from Newark Broad Street and created a linear 

equation to represent the monthly costs. An ANOVA analysis calculated an F = 62.14, which correlates to a p 

<.0001, indicated a significant difference between the means. The predicted model, in accordance to LVSTP had an 

  = .7299 and was calculated to be: 

 

Gladstone Monthly Cost = 114.936 + 6.02250*(Total Miles) 

 

   We took the values from the linear model and subtracted it from the expected amount, from LVSTP, in Easton, 

Gladstone, and Peapack, to get a value of 210.37 dollars extra to disperse among the other stops. Then, after running 

several experimental procedures to optimize fare distribution, we took 5.5% of the value and added it to the 

expected values from Highland Ave to Far Hills, netting in a total dispersed amount of 196.69 dollars. Additionally, 

we took the remaining 13.68 dollars, and distributed 33.33% to each stop. When running an ANOVA test on the 

suggested model, we calculated an F = 181.36 and p <.0001, which indicates an appropriate alteration to the original 

regression. The predicted monthly cost, after all the changes, had a   value of .897 and was modeled as: 

 

Gladstone Adjusted Monthly Cost = 95.128 + 6.77691*(Total Miles) 

  

   On the Easton to High Bridge Line, we first ran an ANOVA test and calculated an F = 105.14, and a p < .0001. 

Furthermore, we calculated   = .827 for the LVSTP monthly cost and modeled the equation as: 

 

High Bridge Monthly Cost = 48.735 + 8.505*(Total Miles)  

 

 Then, we tried to create two equations to mirror the estimated cost values. We split the equations between NY Penn 

Station to Raritan and Raritan to Easton since the larger distance values caused the equation to expand beyond 

acceptable bounds. The ANOVA test calculated an F statistic of 2930.43 and 129.72, respectively, and with a           

p < .0001, as desired.  No distribution of values was necessary, and the equations had a   value of .9978 and .869 

and modeled as the following: 

 

High Bridge Lower Monthly Cost = 139 + 8.219*(Total Miles)   

High Bridge Upper Monthly Cost = 414 + 1.380*(Total Miles) 

 

Table 1- Data table for the Gladstone line. 
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Table 2- Data table for the High Bridge line. 

 

 
 

   According to the LVSTP data, it would take the new train 2.1 hours to travel from Easton to NYC, while it would 

take the bus 1.7 hours to travel the same distance. Thus, if   is our time in hours, and m is the distance, in miles, we 

know that the below inequality is satisfied: 

 

 

∑   
     . 

 

 

   While the data correlates with LVSTP predicted time, we decided that the train system would be more efficient if 

express trains were installed to run during times of high volume traffic. Therefore, two separate express train 

systems were created and modeled after NJT: one going from Easton to the Gladstone connection, and the other 

leading from Easton to the High Bridge line.   

   Express trains contain fewer stops per trip, and stops are selected for such a route based upon high average 

passenger ridership. Thus, the High Bridge express line will stop at Easton, High Bridge, Raritan, Westfield, 

Newark Penn Station, and NY Penn Station, while the Gladstone express will stop at Easton, Gladstone, Summit, 

Newark Broad Street, and NY Penn Station. According to NJT, the average speed of a train ranges between 60-79 

mph
20

. Using this information, we calculated the estimated time of travel of each express train. Since each train 

takes about a mile to start and stop, we considered the start and stop distances separately from the travel miles, for 

higher accuracy. For the start and stop miles, we totaled the number miles and divided by half of the total speed 

traveled for that estimated system.  

   For example, the total distance of the High Bridge express train is 79.12 miles, and there are four stops (not 

including the endpoints). We removed two miles from each stop to include in the separate calculation, making it a 

total of eight miles, while adding on another two miles for the start time from Easton and the stopping time to NYC. 

Therefore, if the estimated speed of the train is 60 mph, we would calculate 10 hours/30 mph to determine the total 

time it would take to start and stop the train. In addition to how long it would take to accelerate to 60 mph, it is 

calculated that it would take 1.485 hours to travel 60 mph from Easton to NYC. If the speed is increased to 79 mph, 

it would take a total of 1.1281 hours per trip.  

   Similarly, since the Gladstone express train is 75.3 miles long, and there are three stops, not including the end 

points, a total of eight miles will be separated from the system for separate calculations. Therefore, if the train is 

moving at 60 mph, it will take 1.3884 hours to travel, while if the train is moving at 79 mph, it will take 1.0544 

hours to finish the trip. Since our predicted times are below the estimates of the LVSTP data, we decided to utilize 

the express train data when preparing our system.  

   For transportation and assessment problems, we utilized the simplex method, which is a famous technique in 

operations research and used specifically for linear programming. We first implemented the simplex method to 

minimize maintenance costs. Due to limited information regarding maintenance, we decided this would not be an 
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appropriate model. The simplex method, however, was effective for modeling our capacity model. We will define 

our variables as the following: 

 

   = The number of additional riders from Easton to High Bridge, 

   = The number of addition riders from Easton to Gladstone. 

 

   Therefore,    and    are positive integers since ridership must only be in whole numbers and can only be positive. 

From this, we can derive our profit model as: 

 

Maximize 

                              

Subject to: 

                

             

     

     

 

   Both 1,200 and 800 originate from the LVSTP plan where they indicated that ridership could not surpass those 

two values. Thus, for our system to be successful, the model must at least exceed those values.  On the other hand, 

14,515 and 9,410 were established from calculating the maximum number of people that could be transported during 

one work day. This calculation was done both by hand and excel, with a P = $119,565,069. This profit seems 

appropriate as it aligns with the amounts NJT usually nets.  

   We also used advanced variations on the simplex method, such as the network simplex method. This technique is 

used to solve for the minimal cost flow across a weighted network. We considered the flow through a directed edge 

   ; we use both upper and lower bounds on the basic variables and “+” and “ “ signs in the relational equations 

capture the directed nature of the edges. The algorithm has a “start vertex” and adds edges to the tree that reduce the 

cost function while adhering to the traversal order of the directed edges until we obtained our optimized model. In 

Figure 3, the “start vertex” would be Easton, and by expanding a tree outwards from that point, the most optimal 

solution would be Easton Clearwater/LebanonHigh Bridge. By analyzing Figure 4 and utilizing the same “start 

vertex” at Easton, the most optimal solution would be the suggested express route between Easton and High Bridge. 

   The network simplex method provided a strong foundation upon which to apply graph theoretical approaches to 

our models. We applied short path algorithms like Kruskal’s algorithm (edge first) and Prim’s algorithm (vertex 

first) on Figure 3 and Figure 4, which were designed using Geometer’s SketchPad. In Figure 3, the most optimal 

path from Easton to High Bridge would be Easton Clearwater/LebanonHigh Bridge, and the optimum path 

from Easton to Gladstone is EastonClearwater/LebanonGladstone. Figure 4 extends this model by including 

every point between Easton and NYC. Including both cost and profit into the model, the optimal solution would be 

to design High Bridge as the express train, and Gladstone will remains strictly as a local train. The advantages of the 

express train will serve as an incentive for commuters.  
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Figure 3-Graph of total connections between Easton and High Bridge/Gladstone with the assumed model. 

 

 
 

Figure 4-Total connections between Easton and New York Penn Station 

 

 

5.  Discussion 

There were various roadblocks which limited the effectiveness of applying operations research techniques. As stated 

before, despite all the information provided, there were still substantial gaps which hindered more thorough analysis. 

Due to the assumptions that needed to be followed, the model is idealized, and thus may not properly address some 

of the key factors in railway design. Additionally, to utilize the simplex method, it was assumed that the model was 

linear, which may well not be the case.  

   There are, however, many positive outcomes that should be noted. Through this research, we can conclude that 

this rail system is feasible and that a workable system can be designed. Since there is public interest, public work 

programs could be created which would spur job growth. Similarly, this would also have a positive economic impact 

on the community. Currently, white collar workers in the region are commuting by highway. As this population 

grows in Eastern PA, a commuter rail service will be crucial to handle the high capacity of people. Additionally, the 

system we designed aligns with the environmental guidelines in the LVSTP.    
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6.  Future Directions 

 
If data and tools were more accessible, we would design more sophisticated systems where linearity would not need 

to be assumed. We could also expand this model into central PA, and not just Easton, PA. One aspect that was 

overlooked is how taxes would be affected by the introduction of a new rail and what effect this would on the 

general population. Additionally, we could change the focus of the model to maximize freight line usage, which 

would require us to navigate private ownership issues.   
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